We provide a detailed quantitative study of the possible role of a small admixture of harmonics on resonant two-photon ionization. The motivation comes from the occasional presence of 2nd and 3rd harmonics in FEL radiation. We obtain the dependence of ionic yields on the intensity of the fundamental, the percentage of 2nd harmonic and the detuning of the fundamental from resonance. Having examined the cases of one and two intermediate resonances, we arrive at results of general validity and global behavior, showing that even a small amount of harmonic may seem deceptively innocuous.
Introduction
The radiation of the new XUV to X-ray FEL (Free Electron Laser) sources is known to contain a small component of the 2nd and 3rd harmonic of the photon energy chosen for a particular experiment [1, 2, 3, 4, 5, 6, 7] . Although, depending on the specifics of the source the intensity of those components may vary, typically they amount to a few percent [8] . Again, depending on the particular source and experimental set up, various types of filtering, may reduce their intensity to much lower percentages of the fundamental. Be that as it may, if the process under investigation relies on single-photon ionization by the fundamental, then the ionization yield due to a harmonic of intensity, say 2% of the fundamental, will be roughly 2% of the yield due to the fundamental. The relative amounts of ionization may of course depart from the direct analogy between the relative intensities, owing to some differences in the respective cross sections, which in general do depend on the photon energy.
The situation changes drastically, however, if the focus of the investigation involves a non-linear process induced by the fundamental. Assume, for example, that the aim is to observe ionization yields due to non-resonant 2-photon absorption, within the regime of validity of LOPT (Lowest (non-vanishing) Order of Perturbation Theory), which is typically valid for the peak intensities and pulse durations presently available, in the XUV and beyond. In that case, the presence of the 2nd harmonic would also produce ions, through single-photon absorption. As is well known, the latter is proportional to the photon flux, while the non-resonant 2-photon process is proportional to the square of the flux [11] . Obviously, at sufficiently low intensity, the linear process may dominate, even if the amount of the 2nd harmonic is only a few percent of the fundamental. Given that the sources under consideration are pulsed, the intensities change with time. Thus, although during the rise and fall of the pulse, the linear process will dominate, near and around the peak, the 2-photon process may or may not take over; depending on the precise magnitude of the peak intensity.
Clearly, the above discussion cannot provide even a qualitative assessment, but it does point to the need for time-dependent modelling that includes the basic features of a pulse. There has actually been a relevant detailed quantitative study in the literature [11] , dating back to 2006, addressing precisely the role of the harmonics in non-resonant 2-photon ionization of Helium under FEL radiation of photon energy 13 eV. Although the connection to one of the early experiments [12] at the first version of FLASH turned out to be somewhat uncertain, the theory did nevertheless demonstrate that even an amount of harmonic as low as 0.1% of the fundamental can have a profound effect on the expected behaviour of the ion signal. Since under non-resonant 2-photon ionization, the laser intensity dependence of the ion signal should be proportional to the square of the intensity, the presence of even as small an amount of 2nd harmonic as the above is found to alter that power dependence significantly, masking thus the basic signature of the desired process. The interested reader will find in Ref. [11] a number of further details illustrating the interplay between the fundamental and the 2nd and 3rd harmonics.
Whereas non-resonant N-photon ionization displays an unequivocal signature of a power law, with the ion yield being proportional to the Nth power of the intensity, the presence of an intermediate resonant state introduces a host of additional effects which preclude that simple power law dependence. Consequently, it is not a priori obvious how the ion signal would be modified by the presence of harmonics and how would one evaluate their impact on the process. This question, having arisen recently in experiments at the FEL FERMI in connection with resonant or near-resonant 2-photon ionization of Neon [13] , has provided the motivation for the present work. The field of REMPI (Resonantly Enhanced Multiphoton Ionization) has a history of more than 40 years and represents a valuable tool of laser spectroscopy with applications to fundamental as well as applied physics and chemistry [14, 15, 16] . The most general case of REMPI would be an N-photon transition from the ground to a bound (discrete) state which is connected to the continuum by an M-photon process, referred to as N+M REMPI, or alternatively as N-photon resonant (N+M)-photon ionization. The cases of N=M=1 and (N=2, M=1) are the most common and useful in practice. For our purposes in this work, the case N=M=1, also known as resonant 2-photon ionization, contains all of the essential physics needed for the elucidation of the motivating question in connection with the role of the harmonics.
Although the overall process of 2-photon REMPI involves the absorption of 2 photons, depending on the laser intensities and bandwidth, coupling matrix elements and pulse durations, the ionic signal at the end of the pulse more often than not will not exhibit a simple power law dependence on the peak intensity. The coupling of the two resonant discrete states is proportional to the field amplitude, while the ionization from the excited state is proportional to the intensity. In terms of quantum optics language, we have a two-level system coupled to a continuum; an open quantum system. A particular combination of intensity and bandwidth may lead to Rabi oscillations between the resonant discrete states, in which case a simple power law dependence on the intensity cannot be expected. In short, the overall process cannot be described by a single transition rate through Fermis golden rule, in terms of a two-photon cross section, as in the non-resonant case. The quantitative description requires a formulation in terms of the density matrix which can also incorporate all necessary features and parameters; such as temporal pulse shape, stochastic bandwidth if relevant and of course the detailed evolution of the system during the pulse, through which the underlying physical processes can be assessed.
In any process involving photoionization, the determination of ionic yields represents the simplest and least demanding measurement and this is our concern in this paper. As we will show, even within this narrow set of measurements, important and useful insight can be gained about the role of the harmonics. We do want to point out at the outset, however, that more refined measurements, such as photoelectron energy and possibly angular distribution spectra, can help to disentangle the contribution of the harmonics from that of the fundamental. To start with, the energy of the photoelectrons due to the 3rd harmonic can be distinguished from that due to the fundamental. On the other hand, the energies of the photoelectrons due to the 2nd harmonic coincide with those due to the 2-photon process by the fundamental. Further refinement through the additional measurement of angular distributions may help in distinguishing between the two, but only to a limited extent. It is reasonable to argue that the features imprinted on the ionic yields have more general validity, while those obtained through angular distributions would be strongly system dependent.
After a brief description of the system in section II, section III provides the detailed formal framework for the problem. Section IV contains the bulk of the numerical results, with the detailed discussion of the interplay of the various parameters that determine the final outcome. A summary with concluding remarks is given in section V.
The system
In a rather general context, the system under consideration is depicted in Fig. 1 . A neutral atom interacts with FEL pulses at frequency ω, which is close to one or two resonances (with transition frequencies ω a − ω g and ω b − ω g ), giving thus rise to REMPI. The radiation produced in typical FEL facilities (such as FERMI), besides the fundamental frequency ω, also includes its harmonics 2ω and 3ω. The presence of the 2nd harmonic is a spurious effect that is attributed to imperfections in the FEL mechanism (e.g., in the undulator), whereas the presence of the 3nd harmonic is a natural effect [8] . Although the harmonics' intensities, in general, are a very small fraction of the intensity at the fundamental frequency (typically 1% each), they do give rise to direct single-photon ionization. Our objective here is to explore whether and under what conditions the ionic signal induced by the harmonics may become comparable to that of the REMPI.
The unperturbed atomic Hamiltonian is denoted byĤ 0 , withĤ 0 |η = ω η |η and η ∈ {a, b}, whereas the interaction between the field and the atoms iŝ
where E(t) is the time-dependent field evaluated at the position of the nucleus, and µ = er is the electric dipole operator. In the following we assume a field linearly polarized along the z direction and propagating along the x direction, with a time varying amplitude E(t). Thus, the interaction term reduces tô
with the total electric field given by
where
with E qω (t) denoting the electric field at the carrier frequency qω.
Equations of Motion
The reduced atomic density matrix ρ(t) obeys the equation
Introducing the slowly varying amplitudes ρ jj = σ jj , ρ gη = σ gη e iωt , ρ ab = σ ab , applying the rotating-wave approximation (RWA) and introducing the decay channels, we have
, and
The ionization rate at frequency qω is time dependent, given by
where σ (1) j is the corresponding single-photon cross-section, while the flux of photons at the particular frequency (in number of photons per cm 2 per second) is given by
To suppress notation the time dependence of γ η and γ g is not shown in the above equations of motion. From now on the intensity at the fundamental frequency ω is denoted by I(t) = I 1 (t), whereas I q (t) refer to the qth harmonic. The intensity can be written as I(t) = I (0) f (t), where f (t) is the pulse profile and I (0) is the peak intensity. The intensities of the harmonics are fractions of I(t) and can be expressed as I q (t) = r q I(t).
The Rabi frequency between two atomic states |g and |η is defined as
where in the last expression the intensity is measured in W/cm 2 and the dipole matrix element is in atomic units, and are typically estimated through standard numerical codes and techniques.
For the sake of formal completeness, our model also includes possible spontaneous decay channels. The corresponding rates, however, are of the order of 10 −8 fs −1 and for pulses of duration up to a few hundred of femtoseconds, their effects can be safely ignored.
The most detailed monitoring of the ionization of the atom through the various channels depicted in Fig. 1 would be obtained through the energy and angular distributions of the emitted electrons. Formally, the photoelectron yields for the four different ionization channels obey the following equations of motion
The total yields at the end of a pulse for the fundamental frequency and the harmonics are obtained by time integration of the equations of motion for the atomic density operator and the yields. The bandwidth of a pulse with fluctuations is given by [17] ∆ω = ∆ω
where ∆ω f is the bandwidth due to fluctuations which for Gaussian correlated noise is given by [17] 
with T c the coherence time of the source. The bandwidth ∆ω min is the Fourier-limited bandwidth, which for a Gaussian pulse with FWHM ∆t is given by
The above expressions for the bandwidth include the role of field fluctuations. However, in our numerical simulations, we have assumed only Fourier-limited pulses, after convincing ourselves that including the effects of field fluctuations would have only minimal impact on our chief objective and results.
Numerical results
Motivated by recent experiments at FERMI [13] , and in order to focus our discussion on a realistic context, the parameters used throughout our simulations pertain to the ionization of Neon under radiation of photon energy ∼19 eV. Specifically, neutral Neon in its ground state configuration |g ≡ 2p 6 ( 1 S 0 ), when exposed to the above photon energy, can be raised to any or both of two adjacent excited states, namely, (2p . The extent to which each of the two near resonant intermediate states, or both, will dominate the REMPI ion yield will depend mainly on the relative detunings from resonance, the laser bandwidth, as well as the intensity. In the recent experiments at FERMI [13] , the FWHM of the FEL pulses was ∆t ≈ 110fs, which corresponds to a bandwidth ∆ω min ≈ 16.59meV. The combined bandwidth ∆ω was estimated to about 30meV and using Eqs. (8) and (9) we have for the coherence time T c ≈ 109.9fs. This means that fluctuations were barely present in the FEL pulses, and thus throughout this work they are ignored by focusing on Fourier-limited pulses of FWHM ∆t = 110fs. Finally, to obtain a better picture of the role of the harmonics, we will consider intensities from 10 9 W/cm 2 to 10 16 W/cm 2 ; albeit some of the higher intensities might not be attainable for the time being at FERMI or other FEL facilities. This means that the Rabi frequencies entering our simulations ranged from 6.9×10 −4 to 2.2 rad/fs, which are at least two orders of magnitude smaller than the frequencies of the driven transitions, thus justifying fully the RWA.
The energy of the photoelectrons produced by the absorption of the third harmonic differs from that of the REMPI by the energy of one photon. As such they can be easily discriminated from each other; if photoelectron energies are measured. On the contrary, the discrimination between photoelectrons due to the second harmonic from those due to REMPI, would require in addition the measurement of the respective angular distributions. Although those two angular distributions would in general be different, as they involve different partial waves, typically it is only at certain angles that the differences may be of sufficient discriminatory resolution; which depending on the particular atomic system and states involved may not provide a clear separation of the contribution of the 2nd harmonic. Be that as it may, the strategy for optimal detection of the REMPI signal should include energy and angle resolved photoelectron energy spectra, an undertaking requiring a more elaborate experimental set-up, as compared to ion detection only. That is why, for reasons of convenience and instrumental simplicity many experiments rely on the measurement of ionic yields only. It is therefore of interest to establish the conditions under which the presence of the harmonics can be safely ignored. In this spirit and in order to avoid unnecessary complexity, we shall consider from here on only the 2nd harmonic, but our main observations are expected to be valid even when the 3nd harmonic is included. This is because the equations of motion depend on the total ionization rate at 2ω and 3ω i.e., on γ g (2ω) + γ g (3ω), and thus by including the third harmonic one may expect a slight shift in the intensity at which features, such as those in Fig. 2 appear, with no change in the overall behaviour.
In general, the 2nd harmonic is a fraction r 2 ≪ 1 of the fundamental. Our analysis will be based on the ratio of yields
at the end of the pulse, where Y ω is the total yield of REMPI produced by the fundamental frequency ω. Ideally, one would like to have R ab ≫ 1 over a broad range of peak intensities so that REMPI dominates the single-photon ionization yield at 2ω. Thus, in what follows, our objective is two-fold: (a) To understand the physical processes that affect the dynamics of the system. (b) To derive rules of thumb that, given accessible physical parameters, allow us to infer easily and for a range of intensities the strengh of the REMPI relative to that due to the 2nd harmonic.
Single resonance
To better understand the interplay of the different ionization channels in the system, it is instructive to consider first only one of the resonances, by setting µ bg = 0 so that R ab = R a . The power dependence of R a , for different detunings from resonance ∆ a , and for two different fractions of the second harmonic is shown in Fig. 2 . We can identify a regime of linear increase of the ratio for low intensities, which is followed by some sort of saturation. Further insight into the two different regimes can be gained by introducing the pulse area
where Ω (0) a is the peak Rabi frequency given by Eq. (6), which is proportional to √ I (0) . In the limit of weak excitation i.e., for S ≪ 1 and/or for detunings ∆ a ≫ Ω (0) a , the intermediate resonance can be eliminated. In that case, we have a two-photon ionization path at frequency ω competing with the single-photon ionization path at the harmonic 2ω, each of which is describable by a single rate. The two-photon ionization rate is 
g (ω) the two-photon cross-section at frequency ω, from which we obtain the yield
Similarly the yield for the second harmonic is
with σ (1) g (2ω) the one-photon cross-section from |g at the second harmonic. Therefore, as one might have expected, for weak excitation the ratio scales linearly with the peak intensity
as depicted in Fig. 2 . Again as expected, with increasing detuning, the linear regime extends over a larger range of intensities. Formally, for fixed detuning, the condition S a ∼ 1 marks the end of the linear regime. In that case, during a Fourier-limited pulse, a significant part of the population is transferred from Ne[2p 6 ] to Ne[2p 5 4s]; which implies that the intermediate resonance cannot be eliminated. For exact resonance ∆ a = 0, the dynamics are fully determined by the pulse area. More precisely, for S a = π/2, during the pulse, we have a half Rabi oscillation between |g to |a . Clearly, at the end of the pulse, only Ne in the excited (resonant) state is present. For S a = π we have a complete Rabi oscillation, whereas for S a > π many oscillations take place during the pulse. In other words, the larger the pulse area is, the more oscillations take place.
Given that for a fixed fraction r 2 ≪ 1, the highest ratio of yields is obtained on resonance, as in this case REMPI is maximized, we can estimate the lowest possible threshold peak intensity I th through the condition S a = π/2, which marks the end of the linear regime and the beginning of saturation.
Although in the case of certain Fourier-limited pulses one can calculate exactly the integral, in practice this is not possible; especially when fluctuations are present. In an attempt to derive a compact rule of thumb for the threshold intensity we approximate the integral by the FWHM of the pulse obtaining
in W/cm 2 , where Eq. (6) has been used. In this expression the dipole moment µ ag is in atomic units and the FWHM of the pulse ∆t in femtoseconds.
Increasing the peak intensity further, the ratio of yields exhibits a smooth plateau and approaches some sort of saturation. This regime is characterized by large Rabi frequencies and pulse areas i.e., Ω (0) a ≫ max{γ a (ω), ∆ a } and S a ≫ π, so that many Rabi oscillations take place during the pulse and during the characteristic ionization time γ a (ω) −1 . As a result, the ratio of yields can be approximated by
where we have introduced the time-averaged populations
with T ≥ ∆t, and jp j = 1, while in all of the above expressions the ionization rates are evaluated at the peak intensity (and thus they are time independent). Using Eqs. (4) and (5) we obtain for the ratio
where σ
a (ω) is the one-photon cross-section from |a at the fundamental frequency. Our simulations demonstrate that the ratio R a approaches R ∞ a from above in the limit of very large peak intensities. In this limit,p j → 1/2 and thus R ∞ a depends only on the ionization cross-sections of the neutral and the excited atom, the order of the harmonic and its relative intensity with respect to the intensity of the fundamental frequency. In terms of a physical picture underlying this behavior, in the regime of parameters where the saturation has set in, the REMPI has essentially become a single-photon process, whose rate is determined by the ionization rate of the excited state.
Two resonances
The ratio R ab as a function of the peak intensity for the case of two resonances is shown in Fig. 3(a) , where the detuning is now measured with respect to frequency 
Clearly, the overall behaviour is analogous to the one for single resonance, albeit the ratio at a given peak intensity and detuning appears to be somewhat larger than the corresponding ratio for single resonance, because of the contribution of the additional resonance to the total REMPI yield. One can again identify the linear regime for low intensity, where the intermediate resonances can be eliminated and the neutral atom effectively ionizes by single-photon absorption at frequency 2ω and two-photon absorption at the fundamental frequency ω. An unambiguous expression for the threshold intensity, which marks the end of the linear regime, cannot be obtained along the steps outlined above. As depicted in Fig.  3(a) the highest values of the ratio are not obtained on resonance as before, but rather for photon energies half-way between the two resonances. Moreover, in any case one of the resonances will be unavoidably off-resonant, which implies that the dynamics of the system depend on the details of the pulse. In order to infer the strength of the REMPI yield relative to the yield of the second harmonic, it suffices to obtain a lower bound on the threshold intensity. This is possible by considering only one of the resonances i.e., the one with the smallest dipole matrix element µ ηg , and applying Eq. (14) .
In the limit of large intensities (i.e., for min η {Ω η } ≫ max η {γ η , ∆ η } and large pulse areas min η {S η } ≫ π), the ratio of yields is well approximated by
with ionization rates estimated at the peak intensity. Hence, by means of Eqs. (4) 
with ηp η = 1. In order to quantify the plateau of the ratio R ab , we may consider the upper bound given by 4 max η {σ
and the lower bound 2 min η {σ
Even for the case of two-resonances, for strong driving we expectp g → 1/2 and max η {p η } ≤ 1/2 obtaining the following expressions for the upper and lower bounds
Upper bound: 4 max η {σ
Lower bound : 2 min η {σ
(23) which depend only on the cross sections, the order and the fraction of the harmonic. These expressions suffice to give us a quantification of the plateau following the peak of R ab .
Discussion and concluding remarks
From the detailed analysis and discussion in section IV, it is clear that even a minute amount of 2nd harmonic will influence the 2-photon yield. The laser intensity dependence of the ratio of the REMPI over the 2nd harmonic yield, shown in Figs. 2 and 3, exhibits a global behavior. It increases linearly at low intensities, reaching eventually a constant value (saturation), which in our formalism is represented by the ratios R ∞ a and R ∞ ab for one and two intermediated states, respectively. Obviously, the desired value should be much larger than one, for a broad range of peak intensities so that the REMPI signal dominates over the signal from spurious harmonics. Surprisingly, even for a 2nd harmonic content as low as 0.2% of the fundamental, that value never exceeds 10. Whether this provides sufficient discrimination for a given experiment will depend on the scope of the experiment. In the linear regime, the REMPI yield is masked by that of the 2nd harmonic. This feature is independent of the particular matrix elements and cross sections. Their specific values will only influence the intensity at which the transition to saturation takes place, but not the overall behavior. Moreover, we have found that this overall behavior is independent of whether the photon energy of the fundamental is in near resonance with one or two intermediate states. Actually, all of our analytical expressions and numerical results can be generalized to the presence of more than two intermediate resonances, without altering the main overall behavior. Although the participation of more than two intermediate resonances would be rather unusual, still given the occasionally large bandwidth of FEL sources, it might occur in some experiments.
Anticipating some further questions by the reader, a few clarifications may be in order here. (a) The usual presence of intensity fluctuations in FEL beams does not seem to affect appreciably our chief conclusions, as a result of which we have limited our treatment to Fourier-limited pulses. (b) In the absence of relevant information to the opposite, we have assumed the same temporal profile for the fundamental and the harmonics. Introducing a somewhat different temporal profile (perhaps narrower ?) for the harmonics, would not alter the overall behavior. (c) The adoption of a specific set of atomic parameters does not entail significant sacrifice of generality. After all, typical atomic matrix elements and cross sections do not differ from each other by orders of magnitude. Adopting a set of parameters corresponding to a different atomic system, would only shift the plots in Figs. 2 and 3 to somewhat different intensities without affecting the overall behavior [8] . (d) Effects of interaction-volume expansion are expected to be present in experiments involving strong radiation, which by necessity is focused. This is an instrumental effect which is apt to affect the observed yields, and as such needs to be taken into consideration in the interpretation of experimental data. It does, however, depend on the particular focusing geometry pertaining to a given experiment, but the relevant theoretical tools are known [18] . In the presence of interaction-volume expansion, the transition to saturation is expected to be smoother, while the intensity at which it takes place may shift. The overall behaviour of the yields, however, will be the same as the one described above. Be that as it may, having results independent of volume effects provides a point of calibration of broader validity, with which volume effects, pertaining to the particular focusing geometry, must be convoluted Our closing message would be: Even a small admixture of 2nd harmonic in REMPI might be deceptively innocuous. For a harmonic admixture smaller than the 0.2% we have assumed here, the behavior depicted in Figs. 2 and 3 would simply occur at somewhat different intensities.
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